FUNCTIONS INCLUDING EXPONENTIAL AND LOGARITHMIC
FUNCTIONS

The set of value on which the function acts is called the domain and the corresponding set of image values is called the range.

	f(x) = x + 2

	3
	5

	4
	6

	5
	7

	Domain
	Range


The domain of a function may be an infinite set such as R.

If for each element of y in the range, there is a unique value of x such that f(x) = y then f is a one-one function. If any element y in the range, there is more than one value satisfying f(x) = y then f is many-one.

	f(x) = 2x with domain R
	One-one

	f(x) = x2 with domain R
	Many-one

	f(x) = x2 with domain x > 0
	One-one

	f(x) = sinx with domain 0 < x < 360
	Many-one

	f(x) = sinx with domain -90 < x < 90
	One-one


COMPOSITION OF FUNCTIONS
	
	f
	
	g
	

	x
	→
	f(x)
	→
	gf(x)


fg(x) and gf(x) are rarely the same.
THE INVERSE OF A FUNCTION

Usually written as f-1, that undoes the effect of f.

	f(x) = x + 2
	f-1(x) = x - 2



f-1f(x) = x.

Many-one functions do not have an inverse as it is impossible to reverse them, unless you restrict it’s domain. For instance if f(x) = x2 had the domain of x > 0.

THE MODULUS FUNCTION

|x| = x when x > 0 or –x when x < 0.

The expression |x-a| can be interpreted as the distance between the numbers x and a on the number line. In this way the statement |x-a| < b means that the distance between x and a is less than b. 
It follows that a – b < x < a + b.

TRANSFORMING GRAPHS.

	Known Function
	New Function
	Transformation



	y = f(x)
	y = f(x) + a
	Translation through a units parallel to y-axis.

	
	y = f(x-1)
	Translation through a units parallel to x-axis.

	
	y = af(x)
	One-way stretch with scale factor a parallel to the y-axis.

	
	y = f(ax)
	One-way stretch with scale factor 1/a parallel to the x-axis.


CO-ORDINATE GEOMETRY
CARTESIAN AND PARAMETRIC FORM

Cartesian Form

A curve in Cartesian form is defined in terms of x and y only, for example


y = x2 + 3x in which y is given explicitly in terms of x.


x2 + 2xy + y2 = 9 in which the equation is given implicitly.

Parametric Form

A curve is defined in parametric form by expressing x and y in terms of a third variable, for example x = f(t), y = g(t). In this case, t is the parameter.


y = 4t → t = y/4


x = 2t2 → x = 2(y/4)2
= y2/8 → y2 = 8x

When the parameter is θ, it may be necessary to use a trigonometric identity to find the Cartesian equation.

For example, when x = acos θ and y = asin θ, use cos2 θ + sin2 θ = 1. This gives: x2 + y2 = a2. This is a circle, centre (0,0), radius a.
Also, when x = acosθ, y = bsinθ, x2/a2 + y2/b2 = 1. This curve is an eclipse.

TRIGONOMETRY

SECANT, COSECANT AND CONTANGENT


secx
= 1 / cosx
cosecx =1 / sinx
cotx = 1 / tanx

Each function is periodic and has either line or rotational symmetry. The domain of each one muct be restricted to avoid division by zero.


y =sec x.

· The period of sec is 360° to match the period of cos.

· Notice that secx is undefined whenever cosx = 0.

· The graph is symmetrical about every vertical line passing through a vertex.

· It has rotational symmetry of order 2 about the points in the x-axis corresponding to 90°  ± 180°n.


y = cosec x

· The period of cosec is 360° to match the period of sin.

· Notice that cosecx is undefined whenever sinx = 0.

· The graph is symmetrical about every vertical line passing through a vertex.

· It has rotation symmetry of order 2 about the points on the x-axis corresponding to 0°, ±180°, ±360°, etc.

y = cot x

· The period of cot is 180° to match the period of tan.

· Notice that cotx is undefined whenever sinx = 0.

· The graph has rotationalorder 2 about the points on the x-axis corresponding to 0°, ±90°, ±180°, etc.

INVERSE TRIGONOMETRIC FUNCTIONS

The sine, cosine and tangent functions are all many-one and so do not have inverses on their full domains. However, it is possible to restrict their domains so that each one has an inverse.

When you use the functions sin-1, cos-1, tan-1 on your calculator, the value given is called the principal value (PV).

TRIGONOMETRIC IDENTITIES


Pythagorean identities:



cos2x +sin2x = 1



1 + tan2 x = sec2x



cot2 x +1 = cosec2 x


Compound angle identities:



sin(A+B) = sinA cosB + cosA sinB



cos(A+B) = cosA cosB – sinA sinB



tan(A+B) =   tanA + tanB



        1 – tanA tanB




Simply reverse the signs for (A-B).


Double angle identities:



sin 2A = 2sinA cosA



cos 2A = cos2A – sin2A





= 2cos2A – 1




= 1 – 2sin2A



tan 2A =    2tanA



    1- tan2A


Half angle identities:



sin2 ½A = ½(1 – cosA)



cos2 ½A = ½(1 + cosA)

PROVING IDENTITIES
The basic technique for proving a given identity is:

· Start with the expression on one side of the identity.

· Use known identities to replace some part of it with an equivalent form.

· Simplify the result and compare with the expression on the other side.

DIFFERENTIATION

THE CHAIN RULE



dy = 
dy   ×
du
Where u is a function of x.



dx
du
dx

The chain rule can also be used to establish results for connected rates of change.
For example, the rate of change of the volume of a sphere can be written as dv/dt. The corresponding rate of change of the radius of the sphere can be written as dr/dt. Using the chain rule, the connection between these rates of chang is given by:



dv = 
dv   ×
dr




dt
dr
dt

Also since v =4/3 πr3, it follows that dv/dr = 4πr2, so, the connection can now be written as dv/dt = 4πr2dr/dt.

EXPONENTIAL FUNCTION ex
If y = ef(x) then dy/dx = f’(x)ef(x).
LOGARITHMIC FUNCTIONS ln x AND ln f(x)

If y = ln x then dy/dx = 1 / x.

If y = ln f(x) then dy/dx = f’(x)/f(x)

TRIGONOMETRIC FUNCTIONS


d sin(ax+b)
=a cos (ax +b)


dy



d cos(ax+b)
=-a sin (ax +b)


dy



d tan(ax+b)
=a sec2 (ax +b)


dy


THE PRODUCT RULE
If y = uv, where u = f(x) and v = g(x), then dy/dx = u dv/dx + v du/dx.

THE QUOTIENT RULE

If y = u / v where u =f(x) and v = g(x), then dy/dx = v du/dx – u dv/dx








      v2
USING THE RESULT dy/dx = 1 / dx/dy


dy/dx = 1 / dx/dy = 1/dx/dy.

If y = ax, then dy/dx = ax ln a.

PARAMETRIC FUNCTIONS

If x and y are each expressed in terms of a parameter t, then


dy/dx = dy/dt × dt/dx. Remember that dt/dx = 1 / (dx/dt).

IMPLICIT FUNCTIONS

To find dy/dx when an equation in x and y is given implicitly, differentiate each term with respect to x, remember that d f(y) /dx = df(y) /dy × dy/dx.

INTEGRATION
THE EXPONENTIAL FUNCTION ex
∫ ex dx = ex + c  and ∫ aex dx = a ∫ ex dx = aex + c

∫ eax+b dx = 1/a eax+b + c

TRIGONOMETRIC FUNCTIONS


∫ cos (ax + b) dx = 1/a sin (ax + b) + c 


∫ sin (ax + b) dx = -1/a cos (ax + b) + c 


∫ sec2 (ax + b) dx = 1/a tan (ax + b) + c 

Integration by recognition:

∫ sinnx cos x dx = 1/ (n+1) sinn+1 x + c


∫ cosn x sin x dx = - 1/ (n+1) cosn+1 x + c
Odd Powers of sin x and cos x


∫ cos3 x 
= ∫ cosx (cos2 x) dx




= ∫ cos x (1 – sin2 x) dx




= ∫(cos x – cos x sin2 x) dx




= [ sin x – 1/3 sin3 x] 

Even Powers of cos x and sin x

Use the double angle identities for even powers.

cos 2x = 2cos2 – 1
→
cos2x = ½ (1 + cos 2x)


cos 2x = 1 – 2sin2 x
→
sin2 x = ½ (1 – cos2x)


∫ cos2 x dx 
= ½ ∫ (1 + cos 2x) dx



= ½ (x + ½ sin 2x) + c

THE RECIPRICOL FUNCTION 1/x


∫ 1/x dx = ln|x| + c


∫ k/x dx = k ln|x| + c

INTEGRALS LEADING TO A LOGARITHMIC FUNCTION

∫ f’(x) / f(x) dx = ln |f(x)| + c


∫ x2 /2x3 – 2dx
= ln | f(x) | + c


∫ tan x dx 

= ∫ sinx / cosx dx





= - ln |cosx| + c





= ln |secx| + c

PARTIAL FUNCTIONS


∫      x + 2
dx 
=   3     -     2  .       


 (x – 2)(x + 1)
     
    x-2         x+1





= 2 ln (x – 2) – 2 ln (x + 1) + c

SUBSTITUTION 


∫ f(x) dx = ∫ f(x) dx/du  du

∫ f’(x) [f(x)]n dx = 1/(n+1) [f(x)]n+1 + c

INTEGRATION BY PARTS
If u and v are functions of x then ∫ u dv/dx dx = uv – ∫ v du/dx dx
PARAMETRIC INTEGRATION


A = ∫x y dx = ∫t g(t) dx/dt dt.

Using the parametric integration, find the area of the ellipse defined by x = 2cosθ, y = 2sinθ (0 ≤ θ ≤ 360).


A 
= ∫ y dx/dθ  dθ



= ∫ 3sinθ(-2sinθ) dθ



= -6 ∫ sinθ dθ



= -6 ∫ ½ (1 – cos2θ) dθ



= -3[θ – ½ sin2θ]

VOLUME OF REVOLUTION


V = ∫ πy2 dx

DIFFERENTIAL EQUATIONS

EXPONENTIAL GROWTH AND DECAY

y = Aekx

NUMERICAL METHODS
CHANGE OF SIGN

If f(x) is continuous between x = a and x = b and if f(a) and f(b) have different signs, then a root of f(x) = 0 lies in the interval from a to b.

ITERATION

NUMERICAL INTEGRATION

The Trapezium Rule


∫ f(x) dx = ½ d (y0 + 2(y1 + y2 + y3…) + yn)

VECTORS
VECTOR AND SCALAR QUANTITIES




ADDITION AND SUBTRACTION OF VECTORS
SCALAR MULTIPLICATION

COMPONENT FORM

ADDING AND SUBTRACTING VECTORS IN COMPONENT FORM

FINDING THE MAGNITUDE OF A VECTOR

If r = ai + bj + ck, the magnitude (length) of r is given by:


|r| = √a2 + b2 + c2
SCALAR PRODUCT / DOT PRODUCT

If θ is the angle between vectors a and b the scalar (or dot) product of a and b is a.b where a.b = |a||b|cosθ.

If two vectors are parallel, θ = 0 and a.b = |a||b|.

If two vectors are perpendicular, θ = 90° and a.b = 0.

a.b = x1x2 + y1y2 + z1z2
|a| = √ x1 + y1 + z1
VECTOR EQUATION OF A LINE

A vector equation of a line passing through a fixed point A with position vector a and parallel to a vector b is r = a + tb, where t is a scalar parameter.


r is the position vector of any point on the line.


b is the direction vector of the line.

A vector equation of the line through two fixed points A and B, with position vectors a and b is given by r = a + t(b – a) where t is a scalar parameter.

Angles Between Two Lines
To find the angle between two lines, find the angle between their direction vectors.

PAIRS OF LINES

In two-dimensions, a pair of lines are either parallel or they intersect.

In three-dimensions, a pair of lines are parallel, or they intersect or they are skew.

If two lines are parallel, then their direction vectors are multiples of each other, as in this example:


r = 3i – 5j + 2k + λ(i + 2j – k) and r = 4i + j - 2k + μ(2i + 6j – 3k).

The two lines r = a + λb and r = c + μd intersect if unique values of λ and μ can be found such that a + λb = c + μd.

If unique values cannot be found then the two lines are skew.
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